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[NTRODUCTION

This paper treats a countable-person non-cooperative

:ified by a five-tuple I' = (I,S,A,g,P)

the set of players
the state space

X X Ai(s), where Ai(s) is the set from which play
seS 1el

will take his actions.
{gi | i e I}. Let A(s) = X Ai(s) and SA = {(s,a) [
1 iel

then g. : SA> R , Vi ¢ I.

i
gi(s,a(s)) is the immediate payoff to player i if in
players action is a(s) € A(s).
{p]|s, a(s)) | VH € BS’ V(s,a(s)) e SA}, where BS is
Borel subsets of S. P is the set of transition probab
(s,a(s)) e SA is p(-
each H ¢ BS. p(H|s,a(s)) denotes the probability that

s,a(s)) a probability measure on

an element of H, if in state s the players joint acti

nake the following assumptions on these game parameter
: I is a countable set

:+ S is a countable set

: Ai(s) is a compact subset of some metric space, Vs ¢
: gi(.,.) € V(SA) (V(SA) will be defined below)

and sup [ gi(s,a(s))I <M, Vi e I.
SA
: p(s'l.,.) € V(SA), Vs' e S.

M(S) be the class of all bounded real valued function
the class of continuous real-valued functions on Ai(s)
V(SA) be the class of functions such that f ¢ V(SA) 1
f(-,a(*)) € M(S), Va(*) € A and f(s,*) € C(A(s)), Vs

Behaviorally the game runs as follows:
initial state S € S is specified; simultaneously each
oses an action ai(SO) € Ai(SO); to player i there take

te payoff gi(SO’a(SO)) where a(so) = (al(SO)’aZ(SO)"'

game,

joint
ra of
each

or

ate 1is

C(A(s)

mme-




1e game moves according to the probability measure p(.lso,a(so)) to a new
:ate Sl’ which may be viewed as a new starting state, etc.

Let Mi(s) be the set of all Borel subsets of Ai(s), Vs € S, Vi ¢ I.
: now define a mixed action for player i in state s as a probability mea-
ire pi(s) on Ai(s), defined for each H ¢ Mi(s).
it Ni(s) be the set of all mixed actions for player i in state s, Vs ¢ S,
. € I, endowed with the weak topology (see e.g. PARTHASARATHY [7], page 39).
.nce Ai(s) is compact metric it follows from PARTHASARATHY [ 6] (theorem
4, page 45) that Ni(s) is compact in the weak topology and can be metrized.
it N(s) = X Ni(s). From Tychonoff's theorem (e.g. ROYDEN [9] page 166)
1 see thatlﬁzs) is compact in the product topolgy. N(s) is the set of pro-
ict measures defined on the product o-algebra on A(s). As Ni(s) is compact
id can be metrized we note from KELLEY [6] (theorem 17, page 125) that the
:ak topology on Ni(s) satisfies the first axiom of countability. But then
.so N(s) satisfies the first axiom of countability, which ensures that
1e topology of N(s) can be characterized by sequences (see KELLEY [6],
ieorem 8, page 72). An element of N(s) will be denoted by
's) = (ul(s),uz(s),......). If in state s the players joint mixed actions

‘e u(s), then the expected immediate payoff gi(s,u(s)) to player i equals:

L. g; (s,u(s)) = j 8; (s,a(s) du(s) Vi e I.
A(s)

| the same way we can express the expectation of the transition probabi-

.ties under p(s) ¢ N(s):

p(s'|s,u(s)) = f p(s'|s,a(s)) du(s), Vs' € S,
A(s)

A stationary strategy for player i is a mapping My defined on S, such
\at ui(s) € Ni(s), i.e. every time the play stays in state s, player i
ays mixed action ui(s), Vs € S.
joint stationary strategy for the players is a mapping p defined on S,

ich that u(s) = (ul(s),uz(s),......) e N(s), Vs € S.




I, = X N.(s) and let N = X N(s).
i i
seS seS

e same way as with the space N(s) above we can show that both Ni and N
ompact in the product topology and both topologies satisfy the first

| of countability, so both topologies are characterized by sequences.
.ement of Ni represents a stationary strategy for player i and conversel;
ement of N represents a joint stationary strategy for the players and
rsely.

In section 2 we only consider stationary strategies. In section 3 we
allow non-stationary strategies and they will be defined there.

Let Fi(s) be the set of all finite signed measures on Ai(s), defined fo:
H e Mi(s) endowed with the weak topology. In VRIEZE [11], lemma 2.1, it
‘oven that Fi(s) is a linear topological space.

'(s) = X Fi(s) and F = X F(s), then F is in the product topology
ieI seS
. a linear Hausdorff topological space and N is a compact convex subset

In this paper we consider the discounted model, so there is specified
icount factor B € [0,1) i.e. a payoff on the tth—step to player 1 will
.scounted with a factor Bt, t=20,1,2,... .

'E(SO’U) denote the expected payoff to player i at the tth-step when the
is started in s, and the players use stationary strategy u e N,

151,25 000 .

0

".(s,,u) = z Bt VF(S ,u), then V.(s,,u) represents the total expected
10 £=0 i 0% 170

wunted payoff to player i when the play starts in 50 and the players use
.onary strategy u € N.

Note that IVi(s,u)l is uniform bounded by ng, for from assumption A

M
1-8

4

y1lows that IVE(s,u)I < M, so that lVi(s,u)] < z Bt [ Vi(s,u)! <
t=0

IITION: An element p~ ¢ N is called an equilibrium point iff

i 4%
‘u*) > Vi(s,(u L ,pi)), Vui € Ni’ Vi e I, Vs € S, where (u i ,ui) de-

; the joint stationary strategy with player i playing My and the other

. . *
'rs playing according to u .

In section 2 we show the existence of an equilibrium point for the game

specified above, within the class of stationary strategies.




section 3 we show that this point is also equilibrium point in the most

neral class of strategies, namely the class of behavioral strategies.
An extension of the model presented here is earlier studied by SOBEL

0] and FEDERGRUN [5]. The extension concerns the state space. They both
msidered a compact state space. Sobel's set of players is arbitrary and
dergrin's set of players is finite. However they both made a mistake in
eir proofs of the existence of an equilibrium point and for both it holds
at it is very hard to rectify their proofs, if possible. Therefore now-
ays 1t is unclear whether and under which conditions there exists an equi-
brium point in a stochastic game model with the state space uncountable.
en in the model of Federgrun we take the statespace countable then his
oof goes on. When we do the same in Sobel's method then there must be
de further restrictions on the other game parameters to come to the exis-—
nce of an equilibrium point.
e of the main reasons why we present our method is that in our proof we
not need to use a selection theorem. By [J the end of a proof will be

noted.

EXISTENCE OF AN EQUILIBRIUM POINT WITHIN THE CLASS N.

We start with two continuity lemma's.

MMA 2.1. For every function £(.,.) € V(SA) the function £(s,u(s)) defined
SN = {(s,u(s)) | u(s) e N(s)} as

f(s,u(s)) = f f(s,a(s)) du(s) <s for each s € S
A(s)

continuous function in u(s) on N(s).

O0F. For fixed s € S the proof is analogue to the proof of Lemma 2.2 in
IEZE [11], which is an extension of the proof of Lemma 2.1 in PARTHASARATHY
MAITRA [8], which is also used by FEDERGRuN [5].

erefore the proof will not be repeated here. [J

MMA 2.2. The total expected discounted payoff function Vi(S,u) for player

s for fixed s a continuous function on N, Vs € S, Vi e I.




7: The proof is quite analogue to the proof of Lemma 2.2 in FEDERGRUN
However, as a referee of his paper pointed out, because their strategy
> is an uncountable product of metrisable topological spaces, the pro-
topology of this space need not be characterized by sequences, so for
~ase the proof of Lemma 2.2 fails.

ver, in our case the product topology of the strategy space is charac-
zed by sequences as we already pointed out in section 1, so in our

the proof of his Lemma 2.2 can be applied and will therefore not be

ated here. [J

We now define a mapping T : N > N (analogue to the mapping T in VRIEZE
) which is the key to the proof of the existence of an équilibrium point

in the class N.

ssumption A, we stated that Ai(s) is a compact subset of some metric

e so there 2xists a countable subset di(s) = {din(s)’ n=1,2,...}c Ai(s),
h lies dense in Ai(s) (cf. ROYDEN [9], proposition 13, page 163).

Ai € Ni(s) be the probability measure on Ai(s) such that

in(s)) = 2—n, n=1,2,... , SO Ai is concentrated on di(s).

se u € N and let Vi(s,u) be the total expected discounted payoff to

er i when the game starts in state s.

,u) satisfies:

V. (s,u) = g; (s,u(s)) + BI Vi(S',u)p(dS'I s,u(s)), Vs e S
S
. can be seen from e.g. BLACKWELL [2], page 231, DENARDO [3], page 166.

g, (5,,,0) = g;(s, (W (5),a;(8)) +

SN RN TORNON
S

Vai(s)s Ai(s), Vs ¢ S, Vi e I




(p—l(s),ai(s)) is the joint action in state s where player 1 plays a, and
other players play according to u(s). Note that yi(s,u,ai(s) is the total
icted discounted payoff to player i if the play starts in state s, the
it players action in this starting state is (u—i(s),ai(s)) and after the
't step the players play according to u.

From assumption A5 and Lemma 2.1 we see that p(s'[s,(u_](s),ai(s))) for
d s',s and ai(s) is a continuous function in u(s) (in u) on N(s) (on N).

e Vi(s,u) is continuous in p and uniform bounded we may apply pFoposition
page 232 of ROYDEN [9] on the expression f Vi(s',u)p(ds'ls,(u-l(s),ai(s)))

S
onclude that this expression is continuous in p on N for fixed

S,ai(s) € Ai(s). '
From assumption A5 and Lemma 2.1 it follows that gi(s,(u—l(s),ai(s)))
ontinuous in y for fixed s ¢ S and ai(s) € Ai(s), and so we may conclude
yi(s,u,ai(s)) is continuous in y on N for fixed s € S and ai(s) € Ai(s).
he same way we can show that yi(s,u,ai(s)) is a continuous function in

) on Ai(s) for fixed s € S and u ¢ N.

¢, (s;u,a,(s)) = max{ 0,y;(s,u,2;(s)) = V. (s,m)} ,
Vs € S, Vai(s) € A(s), Vi el
o, (s,1,H) = f b;(sma,())AA] = ] 4. (s,m,d; (A5 (d,_(5))
4 é(s)eH

in

Vs € S, VH ¢ Mi(s), Vi eI

mapping T : N - N will now be defined as:

ui(S)(H) + ®i(s,u,H)
I+ 0.(s,u,4;(s))

(Tu)i(s)(H) = , Vs € S, VH ¢ Mi(s), Vi e I.

ow succesively prove two properties of this mapping T.

ERTY 1 : For every u € N we have Tu e N.

ERTY 2 : T : N> N Zs a continuous mapping and possesses at least
fixed point.




' of Property 1: From (2.5) we see that (Tu)i(s)(.) is a probability

ire on Ai(s) defined for each Borel subset H ¢ Mi(s), so it follows

Tu e N. 0O

* of Property 2: We have already shown that yi(s,u,ai(s)) is continuous
for fixed s € S and ai(s) € Ai(s) and that yi(s,u,ai(s)) is continuous
(s) for fixed s € S and u e N.

:actly the same way as the proof of property ! in VRIEZE [11] it follows
¢ (s,u,a (s)) is continuous in u and a; (s), next that o, (s,u,H) is con-
yus in u for each s ¢ S, H ¢ M (s) and from the deflnltlon 2. 5) we then
-hat (Tu). (s)( ) is continuous in the weak topology in u on N, for

S, Vi € I So if B, T Uy on N in the product topology, then Tu > Tuo
in the product topology. Applying the Schauder-Tychonoff Theorem (e.g.
)RD & SCHWARTZ [4], page 456) gives us then the existence of a fixed

- in N for the above defined mapping T.

e detailed version of this proof one can find in VRIEZE [11] (proof of

arty 1) [

REM 2.1. : The stochastic game T = (1,S,A,g,p) under the assumptions
),A3,A4 and A5 possesses an equilibrium point within the class of sta-
1y strategies.

7 : Let u* be fixed point of the above defined mapping T. And let

,u*) be the payoff to player i when play starts in state s.

re going to prove:
*

* * ene .
Ty =u & u 1is equilibrium point.

e analogue to VRIEZE [11] (proof of Property 2) it follows that

*

. X
= ut e Vs’ = ai(§§§Ai(S){gi<s,(u'l (8,25 () *

*

+ BJ Vi(s',u*)p(ds'ls,(u—i (s),ais)))} Vs € S, Vi e I.
S

hould prove:




* e s .
7. U equilibrium point e

Vi = max (g (s, G (s),a,(s))) +
ai(s)eAi(s)

+ B f Vi(S',u*)p(dS'ls,(u_i(S),ai(S)))} Vs € S, Vi ¢
S

g the strategies of all the players on u* except for player:i. Then we c
the usual way define a Markovian decision problem for player i, namely:
itespace S, pure action space Ai(s) in state s ¢ S, immediate payoff
(s,(u_l*(s),ai(s))) in state s when he plays pure action ai(s) and trans
»n probabilities p(s'|s, (w1 (s) ,a;(s))). |

is only a matter of substitution to see that, if player i plays in the
>ve Markovian decision problem stationary strategy o€ Ni, then he yiel
»ayoff Wi(s,ui) which is the same as the payoff Vi(s,(u—l*,ui)), which
would get if in the game T player i plays My and the other players play
; according to u*.

\CKWELL [2] has shown that for the above mentioned Markovian decision pr
2m a stationary strategy is then and only then optimal for the discounte

(terium if his payoff satisfies the optimality criterium.
here g o€ Ni is optimal for the above Markovian decision problem iff:

. %
3. W.(s,u.) = max  {g.(s,(u = ,a,(s))) +
r 1 ai(s)eAi(s) t *

.k
+ f W, (s,u)pWs' 8,7 L2, ()} Vs e S
S

.k
wi(s,ui) = Vi(s,(u—1 ,ui)) we see from (2.6) and (2.8) that:

* * *
Ve Ty =u & My

optimal for his Markovian decision problem when the other players are
Tk

-i .
ted at u , Vi e I.




from (2.9) we see:

. %
-1 * *
Vi(S,(u ,Ui)) - Wi(S,Ui) 2 Wi(SsUi) =

X * . *
0. Tw =u eV.(s,u)

*

-1 .
Vi(s,(u ,ui)), Vi e I, Vui € Ni'

ch is the same as

* * * PR . .
Ty =u ©u equilibrium point. [J

EXTENSION TO GENERAL STRATEGY SPACES

In this section we impose milder condition on the parameter of the

e = (I,5,A,g,P).

T is an arbitrary set of players.
: S is an arbitrary state space, with defined an arbitrary o-algebra

BS on it.
: A= X X Ai(s), where Ai(s), the set of pure actiomns for player
seS iel

i in state s, is an arbitrary space.

oo

g = {gi | i € I} where g; is the payoff function for player i, i.e. if

in state s € S the joint players action is a(s) € X Ai(s), then g;
. iel
specifies an immediate payoff gi(s,a(s)) to player i. The only condition

on the g,'s is sup !gi (s,a(s))| = M.
1,S,A
: P = {p(H|s,a(s))| VH ¢ B Vs € S, Va(s) ¢ X Ai(s)} P is the set
iel

of transition probabilities, i.e. if in state s the joint players

S’

actions are a(s) ¢ X Ai(s), then P specifies probabilities p(H | s,a(s))
iel

for each set H € BS i.e. p(Hls,a(s)) is the probability that the next
state belongs to H if in state s joint action a(s) has taken place.

No further condition on P is made.

it we intend to do in this section is the following:
jume that in the stochastic game model specified by BI’BZ’B3’B4 and BS’

have found in the discounted case an equilibrium point within a later




be specified subclass of the stationary strategies then we show that this

nt is also equilibrium point in the most general class of strategies.

there is specified a discount factor B €[0,l1). Let Mi(s) be a o-algebra

Ai(s), Vi e I, Vs € S. Let A(s) = X Ai(s) and let M(s) be the product
iel

‘ield on A(s). Let Ni(s) be the set of probability measures on Ai(s) de-

led for each B ¢ Mi(s). Let N(s) = X Ni(s). N(s) is the set of product
iel

)bability measures defined on the product o-field M(s).

element ui(s) € Ni(s) should be viewed as a randomized action for player

n state s and an element p(s) € N(s) should be viewed as a joint action

the players in state s.

Let ht be the history of the game until time t, i.e.
(

ht =(SO’aO(SO)’SI""’a )) where a(sj) € .X Ai(sj)

St-1
1el

£-1

are now going to define the most general strategy space for the players.
a result of AUMANN [1] we may restrict ourselves to behavioral strategies,
‘hout loss of any generality, when we quite naturaly assume that the play
of perfect recall, i.e. each player remembers at every time t the whole
story ht and knows exactly in what state S, he is.

A behavioral strategy for player i is a strategy My which specifies
: each t, each history ht and each state s, an element ui(t,ht,st) € Ni(st)'

Let Hi be the set of all strategies for player 1 and let I = X Hi.
‘ iel
;m an element p of N should be viewed as a joint strategy for the players

[ u(t,ht,st) € N(St)'
Ui(t,htss
tohy,8.)

wiyer i. If ui(t,ht,st) € Hi depends for every t not on ht’ so

0> SO

ui(t,so,st), then we speak of a semi-markov strategy for

t) € Hi depends for every t through ht only on s

:t,ht,st) = ui(t9st), then we speak of a Markov strategy.
. s . ends only o o u.(t,h = u.(s then we
ul(t,ht, t) € I, dep d yons., s ul( , t’st) ul( t)’
:ak of a stationary strategy.
;e that there is a one-to-one correspondence between the set of stationary

rategies for player i and the set X Ni(s).
seS
is easy to see that when we take an arbitrary p e II then we get great

isurability and integrability difficulties with the calculation of the
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-ted payoff to player i, Vi € I. Following DENARDO [3] page 175, we
sfore use the following trick. Let T be an arbitrary topological space:
F(.) be an arbitrary function on this space T and let p(.) be a proba-

ty measure on this space T, defined for each Borel subset B < T. Let

K(T,£(.),p(.)) = {v | v : T> R"; £(t) < v(t), Vt € T and v(.)

is integrable on T with respect to p(.)}

>w define:

J f(t) dp(t) = inf [v(t) dp(t).
T veR(T,£(.),p(.)) T

hat follows all integrals used are meant in the sense of 3.1.

u(—(so,ao(so))) be the joint stationary strategy generated by u e II,

ned as:
ui(-(so,ao(so)))(t,ht,st) = ui(t+1,((so,ao(so)),ht),st)

e ((sO,aO(so)),ht) is a history consisting of t+]1 -states and t+l

t actions, VsO € S, Vao(so) € iiIAi(SO)? Vi e I.

ne for each s € S and each i ¢ I a sequence of mappings
: T->TR, t=0,1,2,... .} as follows:

25500 = | g (s,a(s)) du (0)h,8)
OU—J giS,as 110 ’055'

A(s)
2e [ o] Zleeeaeeas [s, ae)) aw©,ng,
A(s) S '

is such, that every integral, which appears in the sequence {Zil(u)}
be calculated without making use of the sense (3.1) then we see that
n) equals the expected payoff to player i at the tth step if the play

‘ts in state s and the players joint strategy is u e I.

BIBLIOTHEEK MATHEMA o v v
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ww in general we define the expected payoff to player i as

. n .
Lu) = 1im Z Btzil(u) when the play starts in state s € S and the

n>e t=0
yint player's strategy is u e II. As

sup Igi(s,a(s))l < M, it follows that ]Zil(u)l < M and
I,S,A

2% )| < ng , Vs eS,VielI, Vuel.
1e concept of equilibrium point will be defined in the usual way

IFINITION : An element u* € T is called an equilibrium poiht iff
. Lk .
Tt ) S 25T W™), Vs es, Vield, Vi e I,
—k :
1iere (u t ,ui) is the joint strategy where player i plays s and the

. *
cher players play according to p .
'w we are able to state our main theorem of this section:

[EOREM 3.1. Let Q be a class of stationary joint strategies for the

«ayers with the property that if u € Q, then also (u—i,ai) €Q,

1 € s?E(SAi(s). If T Q Zs an equilibrium point within this class Q, then
- 18 an equilibrium point within the most general class of strategies 1.

:fore proving this theorem we prove a useful lemma.

*

IMA 3.1. Let Wi(s) =  supy 2 G Lu), VieT, Vs e s, where u”
; €1y

eys theorem 3.1.

len Wi(s) satisfies the equation:

4. wi(s) = sup { J {gi(s,a(S)) +
ai(s)eAi(s) ACs)

.k
+ BJ wi(s')p(ds']s,a(s_:))]‘d(u_1 (s),ai(s))} Vs ¢ S, Vi ¢ I.
S




JF: First note that

. .k
e ) - | gt ¢
A(s)
+ B j Zs'i(u—i ,ui(-(s,a(S))))p(dS'|s,a(S))}
S

Vs

. €
n (3.4) we see that for every e > 0, there exist a My

. .k
s1, -1

5 2%t (u ,ui) 2 W, (s) - e, Vs ¢ S, Vi e I.

ce ui(-(s,a(s))) € Hi we see from (3.4) that

s'i -i*
(

Z U ,ui(-(s,a(S)))) < Wi(S'), Vi, eI

va(s) €

bining (3.5), (3.6) and (3.7) yields:

|
IA
N
~

< J {gi(s,a(S)) +
A(s)

i Wi(s)

+ B J Wi(S')p(dS'IS,a(S))} d(u_i (S),ui'
S

A

< sup { J {gi(S,a(S)) +
ai(s)eAi(s) A(s)

BJ Wi(s')p(dS'Is,a(S))}d(u_i(SLai(s»J
S

»ne part of the lemma is proved.

sider now the expression:

13

(0,h09

at




. . %
le(u_ls(uisai(S))) = f {gi(s,a(s)) +

* A(s)

ve s 3%
s[ 2% T, (< (s5a(8)))) p(ds'[s,a(s)) G (s);a, (s))
B

n ZSl(unl,(ui,ai(s))) represents the expected payoff to player i when

y starts in state s, player i plays in the first step pure action ai(s)
after the first step he plays Hys while the other players play accordin
. during the whole game. So by (3.4).

. .k
s1 -1
J. Z°7(u ,(ui,ai(s)) < wi(s)’ Vai(s) € Ai(s)s Vui € Hi-
>se now ui such that:
s'i, i e
l. Z (li ’(ui(_(ssa(s)))) 2 wi(s‘) - €y Vs' € S’ Vs € S:

Va(s) € A(s), Vi e I.

yining (3.9), (3.10) and (3.11) yields:

2167 05000 2 | (86,000 +

A(s)

v

2, Wi(s)

-+

sf(wi<s'>—e>p<ds'ls,a<s>>}d(u‘i<s),ai(s)
T ; .
(

. %
{g; (s,a(s) + Bf W:-L(S')p(dS'ls,a(S))}d(u_1 (s),a,(s)) - ¢
A(s) S

v

Vai(s) € A(s), Vs ¢ S, Vi e I.

‘rom (3.12) we can conclude

W (s) + e 2 sup { J {gi(s,a(S)) +
ai(s)eA(s) A(s)
BJWi(s')p(ds']s,a(s))} d(u_i(s),ai(s))}, Vs € S, Vi e I.
S

ining (3.8) and (3.13) proofs the lemma. []




? OF THEOREM 3.1 : Fix player i and choose € > 0.

Lemma 3.1. we see that for each s there exists an ai(s) € Ai(s)

that:

J {g;(s,a(s)) + f?»JWi(s')p(dS'Is,a(s))}d(u"i (é),ai(@) 2 W, (s) -
A(s) S

.k
), = {ui I Wy € Ni and (u—l,ui) € Q}, so by the assumption on Q in
rem 3.1. we have Qi > X Ai(s).

seS
Ji be the stationary strategy for player i which prescribes to pla

m ai(s) in state s, where ai(s) obeys (3.14), so ui € Qi‘

from (3.14) and (3.2):

* ok
: Zo (u oup) + B f f W, (s")p(ds'] s,a(s))dC™ (s),ui(s)) + e
A(s) S
> wi(s), Vs € S.

titution of the left side of (3.15) for Wi(s') in the left side of

%) yields :

. . % - ok
Zg"(w T,ug) + B f {zg " ud)
A(s) S
.k
+ B f W, (s™p(ds"|s',a(s"))dm (s"),ui(s")
A(s) S

+

. %
e(1-8)} p(ds'|s,a(s))d(u  (s),u5(s)) = W, (s) -
sing (3.3):

+ sti(

-i* e + g272 - e (1-8) =€ (1
i ;. ’”i) BI (Wi)(s) > Wi(S) e(1-B)-¢e(

Vs € S,




. X
Iz(Wi)(S) J f f f wi(s")p(ds"rg,a(s'))d(u'l(s'),ui(s'))
A(s) S A(s) S -
P(dS'|S,a(S))d(u_l(S),ui(S))

the same way it is easy to prove by induction that:

k . =3 k
8. I 828t D) + 8 W)E) 2 W) - e(1-8) ] 85 vs e s

t=0 t=0

1ce Iwi(s)l < M, it follows IIk+1(Wi)(s)| <M, Vs € S, Vk.

k t . si, -i* ¢ si, -i" €
lim } 8" 2. (u Lu) =2 (& up),
ko t=0
see from 3.18 that
si, -i”
19, Z l(u ,ui) > Wi(s) - e, Vs e S,

for every € > O there exists a ui € Qi such that (3.19) holds.
:refore we may conclude:

.k *

i, -1 si, *
sup 2°M(u T,u) =20, Vs e 8.

si, =1
20. W.(s) = sup Z " (u ’“i)
ey Hi€Qy

i was arbitrary chosen (3.20) holds for every i ¢ I, so we see that u*

also equilibrium point within the class . [J

IOREM 3.2, The equilibrium point ¥ ¢ N as found in section 2 for the

ne T = (I,S,A,g,P) under the conditions A],AZ,A3,A4 and A5 within the

1ss N, 78 also equilibrium point in the most general strategy class for

1t game.

JOF: As the conditions BI’BZ’BS’B4 and B5 are all weaker than respecti-
Ly AI’AZ’A3’A4 and A5 and as N satisfies the condition on Q in Theorem

| , we may apply theorem 3.1. [J
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